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Abstract 

We present an extension of Dunwoody's theory of tracks and use 
it to prove an analogue of the annulus theorem for hyperbolic groups. 
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1 Introduction 



We prove the following analogue for (word) hyperbolic groups of the Annulus 
Theorem for 3-manifolds: 

Theorem 1.1 Let G be a torsion free hyperbolic group with one end. Sup- 
pose that G has an infinite cyclic subgroup such that the number of ends of 
the pair {G, H) is greater than one. Then G splits over some infinite cyclic 
subgroup. 



Corollary 1.2 Let G' be a subgroup of finite index in a torsion free hyper- 
bolic group G. Then G splits over an infinite cyclic group if and only if G' 
splits over an infinite cyclic group. 

This result has also been proved by Bowditch [0, using very different 
methods. We discuss these differences at the end of this introduction. 



The terminology used is standard (from [|TI| and JT^)- The importance 
of splitting groups along infinite cyclic subgroups is well known from the 
work of Paulin |T^, Rips and Sela |14| and Sela [1T8| . 



If G has an infinite cyclic subgroup H such that e(G, H) > 3, we will say 
that G is of multi-band type. Otherwise we will say that G is of surface type. 
The proofs of Theorem 1.1 are different in the two cases. We do not need 
the assumption that G is torsion free in the multi-band case. In this case we 
obtain the following result. 

Theorem 1.3 Let G be a one-ended hyperbolic group and let H be a two- 
ended subgroup with e{G, H) > 3. Then G splits over a subgroup commensu- 
rable with H. 

Both of the above results are closely related to the Annulus Theorem for 
3-manifolds. There are several versions of this result and we state one of 
the most basic ones here. A map f : x I —>■ M of the annulus into a 
3-manifold M is essential if it is vri-injective, proper in the sense that / maps 
the boundary of the annulus into the boundary dM of M, and in addition / 
is not properly homotopic into dM. 

Annulus Theorem: Let M be a compact orientable irreducible 3-manifold 
with incompressible boundary. If M admits an essential map of the annulus 

X /, then it admits an essential embedding of the annulus. 
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The connections between the Annulus Theorem for 3-manifolds and our 
algebraic analogues are described briefly as follows. The assumptions that 
M be compact orientable and irreducible with non-empty boundary imply 
that G = 7ii{M) is torsion free. The additional assumption that M has 
incompressible boundary implies that G has one end. Also ii f : x I M 
is a TTi-injective proper map and H denotes the infinite cyclic subgroup of 
G carried by /, then / is essential if and only if e{G, H) > 2, and G splits 
over H if and only if / is properly homotopic to an embedding. Finally, 
if e{G, H) > 3, then / can be homotoped to cover an embedded essential 
annulus. 

Our paper is organised as follows. In section 2, we develop the general 
theory of patterns and tracks in 2-complexes and its connection with the 
number of ends of a 2-complex. This theory was introduced by Dunwoody in 
[^]. We extend Dunwoody's theory by adding the idea of a singular pattern 
and of the length of a pattern. Dunwoody introduced patterns and tracks in 
order to prove the accessibility of finitely presented groups. We show how 
our new ideas give an alternative version of his arguments. In section 3, 
we discuss the use of tracks in a situation where one has a pair of groups 
such that e{G, H) > 2, and H is infinite cyclic. In section 4, we discuss 
crossing of tracks and give examples of groups of multi-band type and of 
surface type. The proof of Theorem 1.3 on the multi-band case is completed 
in section 5. The rest of the paper is devoted to the surface type case, and 
the main construction of the proof comes in section 8. We use hyperbolicity 
of the group a bit more in the surface type case. On the whole our use of 
hyperbolicity seems weak and we expect that the 2-complex techniques set 
out in our proofs will be useful in the study of splittings of finitely presented 
groups. Another feature of the proof is the surface-like properties of a large 
class of one-ended torsion free hyperbolic groups, particularly those which 
we call surface type groups. In this case, we need to deal with orientation 
reversing elements in the group; we show that if a surface-like group has 
orientation reversing elements then it splits as an amalgamated free product 
over an infinite cyclic subgroup which has index two in one of the vertex 
groups which is also infinite cyclic. This is the analogue of the fact that a 
non-orientable surface must contain an embedded Mobius band. Our proof is 
suggested by the arguments of Dunwoody and Tukia ||2^ and by the least 
area arguments of Freedman, Hass and Scott |§| and @ . As in Tukia p3 



we 



run into difficulties in the torsion case. With some more work one can show 
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without the torsion free assumption that either the conclusion of Theorem 
1.1 holds or there is a subgroup of G which "looks like" a triangle group. 

Brian Bowditch recently developed a theory of JSJ-decompositions for 
one-ended hyperbolic groups with locally connected boundary, and Swarup 
then showed that any one-ended hyperbolic group has locally connected 
boundary ||2^. Using an extension of the work of Rips, Bestvina and Feighn 
(see [^), Bowditch showed that if one removes the torsion freeness hypoth- 
esis from Theorem 1.1, the conclusion remains true except for the case of 
triangle groups. His techniques are very different from ours, making heavy 
use of the boundary of a hyperbolic group, and as explained above we ex- 
pect that our techniques will be useful in the study of splittings of finitely 
presented groups. It is for this reason that we have presented the theory of 
patterns in more generality and detail than we require in this paper. Perhaps 
Gabai's techniques [|TU[ may also be useful for extending Theorem 1.1. An- 



other obvious question is whether there is an analogue of orientation covers 
for hyperbolic groups. 

Acknowledgments: Much of this work was carried out while the first au- 
thor was visiting the University of Melbourne in 1994 and the Mathematical 
Sciences Research Institute in Berkeley in 1994 and 1995. He is grateful for 
the partial support provided by the University of Melbourne, by MSRI and 
by NSF grant DMS-9306240. 



2 Tracks and ends 

Throughout this section, Y will denote a connected locally finite 2-dimensional 
simplicial complex. A subset of Y will be called a pattern if it intersects each 
closed simplex of F in a compact properly embedded submanifold of codimen- 
sion one. This means that it avoids the 0-skeleton of Y, meets each 1-simplex 
in a finite set and meets each 2-simplex in a compact 1-dimensional subman- 
ifold whose boundary lies on the boundary of the simplex. See Figure la. 
A pattern t in Y locally has a collar neighbourhood, and globally there is a 
neighbourhood of t in y which is an /-bundle over t. If this bundle is trivial, 
we say that t is two-sided. In this paper, we will mostly consider two-sided 
patterns but we will also need to consider one-sided patterns at times. A 
component of a pattern which is a circle in the interior of a 2-simplex will be 
called a trivial circle. 
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Figure l.a 
(Pattern) 



Figure l.b 
(Normal Pattern) 



Note that a pattern is compact if and only if it meets only a finite num- 
ber of the simplices of y. As we are mainly interested in the combinatorics 
described by a pattern, we will often say that a compact pattern is finite. 
Finite two-sided patterns typically arise from maps to the real line by tak- 
ing inverse images of regular points. They can also be constructed using 
coboundaries of 0-cochains. A pattern will be called normal if it intersects 
each 2-simplex only in arcs, and the two ends of each arc lie on different 
edges of the simplex. See Figure lb. A connected pattern is called a track. 
It should be noted that our definitions of the terms pattern and track are 
more general than Dunwoody's definitions in |^. His patterns and tracks are 
all normal in our terminology. Note that if Y has a free edge e, which means 
that e is not a face of any 2-simplex, then a single point of the interior of e 
is a normal track in Y. We will not usually be interested in such tracks, but 
one does need to be aware of their existence. 

As patterns have similar separation properties to those of a codimension- 
one submanifold of a manifold, we will say that a two-sided pattern t in a 
2-complex Y bounds Z if t cuts Y into pieces such that the union of some 
of them has closure Z, and Z contains t but meets only one side of each 
component of t. A choice of normal direction for each component of a two- 
sided pattern t will be called a transverse orientation of t, and we will refer to 
t with a prescribed transverse orientation as an oriented pattern. Our interest 
in patterns and tracks in Y is because they give a good way of discussing the 
number of ends of Y. They are also a natural generalisation of the idea of a 
normal surface in a 3-manifold. For our purposes, we will need to consider 
patterns which are not normal, although these will play a small role in our 
arguments. Consider a finite pattern t in Y. We will be interested in whether 
the closures of the components of Y — t are compact or not. Again, because 
it is the combinatorics which are important, a component whose closure is 
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compact will be called finite. This is equivalent to saying that the component 
contains only a finite number of vertices of Y. We will say that a finite pattern 
t inY splits Y if it cuts Y into pieces at least two of which are infinite. Now 
consider an oriented finite pattern t. If / denotes a proper map of the line into 
y or a map of the circle into Y such that / is transverse to t, we define the sign 
of an intersection point of / with t by comparing the orientation of the line 
or circle with the transverse orientation of t. (Here we use the definition that 
a map / : X — > y is proper if the pre-image of any compact set is compact.) 
By summing over all intersection points, we define the intersection number of 
/ with t. As any proper map of the line into Y and any map of the circle can 
be properly homotoped to be transverse to t, and as the intersection number 
obtained is independent of the homotopy, this defines the intersection number 
of any such map with t. We say that an oriented finite pattern t is essential if 
any loop in Y has zero intersection number with t and there is a proper map 
of the line into Y which has non-zero intersection number with t. Note that if 
t is not connected, then the condition of essentiality may well depend on the 
choice of transverse orientation. We will say that a two-sided finite pattern 
t is essential if t admits an orientation which makes it essential. Clearly an 
essential pattern must split Y. The additional conditions which we impose 
for a pattern to be essential are needed because we want to consider patterns 
which arc not connected. They are aimed at simplifying the discussion of 
essential patterns but they do not really restrict us in anyway. To see this, 
consider a finite pattern t which splits Y. Next pick an infinite component 
of the complement of t and denote its closure by U. We define a sub-pattern 
t' of t to consist of those components of t which meet U but do not lie in 
the interior of U. Then t' bounds U and if we transversely orient t' to point 
into U, then t' is essential in Y. Thus a splitting pattern always contains an 
essential pattern. We will say that an essential pattern t is elementary if t 
bounds a subset U oi Y such that all the orientations point into U or all 
point out of U. (Of course, such U must be infinite.) We have just seen that 
any splitting pattern contains an elementary essential pattern. 

We will say that two oriented finite patterns ti and t2 in Y are equivalent 
if, for any proper map h of the real line into Y and any map h of the circle 
into Y, the intersection number of h with ti equals the intersection number of 
h with t2- If ti and t2 are disjoint, they are equivalent if and only if the union 
of ti and of t2 with opposite orientation bounds a compact subset U ofY such 
that for each component V of U, either all the transverse orientations point 
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into V or all point out of V. Thus the relation of equivalence could reasonably 
be called oriented cobordism. We will say that an oriented pattern is trivial 
if it is equivalent to the empty set. 

Before we discuss ends, we prove the following fundamental lemma about 
patterns. An invariant of a finite pattern t which will be used often is its 
weight w{t), which we define to be the total number of points of t fl Y^^\ 
where Y^^^ denotes the 1-skeleton of Y. 

Lemma 2.1 Any finite oriented pattern in Y is equivalent to a finite oriented 
normal pattern, possibly empty. 

Remark 2.2 If we apply the procedure below to a one-sided pattern, we will 
obtain a one-sided pattern, but equivalence is not defined for one-sided pat- 
terns. 

Proof: (See [^)Let t be a finite pattern in Y. If t is not normal, then 
there is a 2-simplex a of F and a component of t fl a which is either a circle 
C or an arc A with both endpoints on one edge e of a. If there is such a 
circle C, we alter t by deleting C. If there is such an arc A, let A' denote 
the sub-arc of e with the same endpoints as A. We alter t by removing a 
small neighbourhood of A and, for each 2-simplex a', other than a, which 
contains the edge e, we add to t an arc parallel to A'. There is a natural 
choice of transverse orientation for the new arc which is compatible with the 
transverse orientation on the rest of t. See Figure 2. 




Figure 2.a Figure 2.b 
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Each of these moves replaces t by an equivalent pattern. Also each of 
these moves reduces the sum w{t) + d{t), where w{t) is the weight of t and 
d{t) denotes the sum over all 2-simplices cr of y of the number of components 
of in (7. As this sum is a non-negative integer, this sequence of alterations to 
t must terminate, at which point we will have obtained an oriented normal 
pattern as required. 

Note that even if t has no components which are trivial circles, such 
components can be introduced by the second type of alteration. Thus we may 
need to delete trivial circles at some stage. Now we consider the connection 
between ends and patterns. 

Lemma 2.3 The locally finite 2- dimensional simplicial complex Y has at 
least two ends if and only if it contains a finite essential pattern. 

Remark 2.4 If Y contains a finite essential pattern, the preceding lemma 
shows that it contains a finite normal pattern which is essential. 

Proof: If Y contains a finite essential pattern, it is immediate that Y — {t} 
has at least two infinite components, so that Y must have at least two ends. 
Now suppose that Y has at least two ends. This implies that we can find a 
proper map g of Y onto the real line R. Without altering g on the vertices 
of Y, we can homotop it to be linear on the simplices of Y and this will 
be a proper homotopy. Now if 2; is a point of R which is not the image 
of a vertex, then g~^{z) is a finite two-sided pattern t which we give the 
transverse orientation induced from the orientation of R. Any loop in Y 
has zero intersection number with t, as any loop in R has zero intersection 
number with z. Also if we choose a proper map A of the line into Y such 
that g o X sends the ends of the line to distinct ends of R, then A will have 
non-zero intersection number with t 0,8 goX has non-zero intersection number 
with z. This shows that t is essential, as required. Note that t will be normal 
automatically. 

So far, we have not discussed anything really different from the ideas of 
Dunwoody. The first new concept we need to introduce is that of a singular 
pattern in Y. Note that a pattern tinY has a natural induced structure as 
a 1-complex with vertex set consisting of t fl Y'^^\ Any circle component of 
t which lies in the interior of a 2-simplex of Y will not have any vertices, 
but we will allow this in our definition of a 1-complex for the purposes of 
discussing singular patterns. 
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Definition 2.5 A singular pattern in Y is a proper map f of a 1-complex t 
into Y such that: 



1. f maps vertices oft to interior points of edges ofY, 

2. f maps non-vertex points oft to interior points of 2-simplices ofY, 

3. If V is a vertex of t of valence d, it is mapped to an edge eofY also of 
valence d, with distinct rays of the neighborhood of v being mapped to 
distinct 2-simplices of Y. 

We define the weight w{f) of a singular pattern / to equal the number 
of vertices of t. If / is an embedding this agrees with the original definition 
of weight. We also define a singular pattern / to be normal if t has no 
component which is a circle without vertices, and if, for each edge A of t, the 
two endpoints of A are mapped to distinct edges of Y. Again this agrees with 
the original definition of normality when / is an embedding. 

The conditions in the above definition imply that a singular pattern has 
similar local separation properties to those of a pattern. In particular it has 
an induced normal bundle, which means that there is a unique bundle over 
t with fibre the interval / such that / extends to the total space of this 
bundle and the extended map is injective on each fibre of the bundle. We 
will say that / is two-sided if its normal bundle is trivial. In this case, a 
choice of normal direction for each component of t will be called a transverse 
orientation of / and we will say that / is oriented. Our main interest in 
singular patterns is whether a finite singular pattern is essential in a sense 
analogous to that for an embedded pattern. We consider a finite oriented 
singular pattern f : t —>■ Y. We will say that / is essential if any loop in Y 
has zero intersection number with / and there is a proper map of the line 
into Y which has non-zero intersection number with /. This clearly agrees 
with the original definition of essentiality if / is an embedding. Finally we 
will say that two singular finite oriented patterns / and g are equivalent if, 
whenever /i is a proper map of the real line into Y or a map of the circle 
into Y, the intersection number of h with / equals the intersection number 
of h with g. Again this agrees with the definition of equivalence of embedded 
oriented patterns, when / and g are embeddings. 

Now we want to bring in ideas of Jaco and Rubinstein [1^ . They defined 



a PL-analogue of area for a normal surface in a triangulated 3-manifold. 
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We will follow their ideas to define an idea of length for a finite, possibly 



singular, pattern in Y. Jaco and Rubinstein [|T2| considered the case when 
the 2-complex is the 2-skeleton of a 3-manifold but their ideas extend to the 
general case. First one needs a "metric" on Y. To provide this, we simply 
choose an identification of each 2-simplex of Y with an ideal triangle in the 
hyperbolic plane. We then glue these triangles by isometries to obtain our 
"metric" on Y. We will call this a hyperbolic structure on Y. Really this 
structure is defined on y — Y^^\ where Y^^^ denotes the set of vertices of Y. 
It does yield a metric on y — Y^^\ but we will not use this fact. Note that 
there is no requirement that this metric be complete, and completeness will 
be irrelevant for our arguments. For simplicity, we will give the definitions 
for embedded patterns only, with brief comments about how they extend 
to singular patterns. We define the complexity c{t) of a finite pattern t in 
Y to be the ordered pair {w{t), L{t)), where L{t) denotes the sum over all 
2-simplices a of F of the length of the 1-manifold t (1 a. (Note that L{t) 
is non-zero unless t consists only of isolated points on free edges of Y.) For 
a singular pattern f : t ^ Y, note that one does not want to measure the 
length of the image of /, but the length with appropriate multiplicity. This is 
done by pulling back the metric on y to a metric on t. It is assumed that we 
are only considering finite patterns whenever we talk of complexity. These 
complexities are ordered lexicographically and they are added component- 
wise. Note that a hyperbolic structure on Y immediately induces a hyperbolic 
structure on every cover of Y. The idea now is that if we consider patterns 
whose complexity is as small as possible, then such patterns should have good 
properties. In particular they should intersect in a reasonably simple way. 
This is by analogy with the very nice properties of surfaces of least area in 3- 
manifolds ^ and of shortest curves on surfaces . It will be very convenient 
to refer to a pattern of least possible complexity as shortest. However, the 
reader should keep clear the fact that this term means least complexity c{t) 
and not least length L{t). 

We say that two patterns ti and t2 in Y intersect transversely if ti nt2 does 
not meet the 1-skeleton of Y, and for each 2-simplex cr of y the 1-manifolds 
ti n (J and ^2 n cr intersect transversely in the interior of a. If ti and ^2 are 
finite patterns in Y which intersect transversely, we can define a new pattern 
t by performing cut and paste at each point of ti fl ^2 and rounding corners. 
As rounding corners reduces length, we see that c(t) < c(ti) + 0(^2), with 
strict inequality so long as ti fl ^2 is not empty. (For singular patterns which 
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intersect transversely, the same construction can be made so long as they are 
in general position. This means that no point of H /2(^2) is a multiple 

point of /i or /2.) This essentially trivial observation will have important 
consequences for us in the cases in which we are interested. Note that even 
if ti and ^2 are normal, the new pattern t will usually not be normal. In fact, 
for each point a; of ti nt2, exactly one of the two possible cuts and pastes at 
X will yield normal arcs, so that there is a unique cut and paste of ti and ^2 
which yields a normal pattern. In Dunwoody's work [^, he used only this 
cut and paste which explains why he did not need to consider non-normal 
patterns. We will definitely need to use other cut and paste operations. We 
introduce one further piece of terminology. If ti and t2 are finite patterns in 
Y which intersect transversely in a non-empty set, then ti P\t2 cuts ti and t2 
into pieces which are not patterns. We will call such pieces partial patterns. 
The complexity of a partial pattern is well defined in the same way as the 
complexity of a pattern, and if Si, . . . , denote the partial patterns which 
are contained in ti, we have c{ti) = J2c{si). Note that this equality holds 
because ti fl ^2 does not meet any edge of Y. 

We want to use cut and paste constructions on shortest patterns to show 
that such patterns have nice intersections and we will also need to show 
that shortest patterns exist in suitable classes of patterns in order to apply 
these ideas. A good example to bear in mind is that of an essential simple 
closed curve C on an annulus A equipped with some metric. If this metric is 
reasonable, e.g. if A covers a closed surface F and the metric on A is lifted 
from that on F, we can find a shortest loop in the homotopy class of C. Of 
course, we do not want to think of the homotopy class of a pattern. For us a 
finite pattern is interesting if it is essential. Given a finite essential pattern 
t on a 2-complex Y, we will want to know that there is a shortest pattern 
equivalent to t and/or that there is a pattern which is shortest among all 
essential patterns in Y. 

Before proving the existence results which we need, we will show how to 
use essential patterns of least complexity. The following result will be useful. 

Lemma 2.6 Suppose that Y has at least two ends, and let t be a finite es- 
sential pattern in Y of least possible weight and without trivial circles. Then 
t is normal and intersects each 2-simplex of Y in at most one arc. 

Proof: The fact that t is normal follows from the proof of Lemma 2.1 as any 
normalising moves will reduce the weight of t. If E, E* are infinite disjoint 
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sets of vertices of Y with = E U E*, then we can construct from SE 
a pattern which has the required property. If we have an essential pattern 
t, we take the corresponding subdivision E,E* of Y^'^\ Then 5E gives an 
essential pattern s and any 2-simplex which s meets must also be met by t. 
It follows that w{s) < w{t). The minimality oiw{t) implies that s and t have 
the same weight, and now it follows that t must meet each 2-simplex of Y in 
at most one arc. 

Now we come to a key property of essential patterns of least complexity. 

Lemma 2.7 Suppose that Y has at least two ends and let s andt be essential 
patterns in Y which are shortest among all such patterns. Then either s and 
t coincide or they are disjoint. 

Proof: First note that s and t are two-sided and must have the same com- 
plexity. Next recall that each must contain an elementary essential pattern, 
so the fact that each is shortest implies that each is already elementary. Now 
suppose that s and t are not disjoint and intersect transversely. Denote the 
two pieces of Y bounded by s by S* and S*, and the two pieces of Y bounded 
by t by T and T*. Thus sHt cuts s into two partial patterns sHT and s fl T* 
which we denote s' and s", and it cuts t into tCiS and tnS* which we denote 
by t' and t". None of these four partial patterns need be connected even if 
s and t are connected. Note that c(s') -|- c{s") = c(s) = c(t) = c(t') + c(t"). 
Of these four partial patterns, we consider one of the shortest, i.e. of least 
complexity. Without loss of generality, s' is a shortest one. Then consider 
the patterns s' U t' and s' U t". After rounding corners, we obtain two pat- 
terns each of which has complexity strictly less than c{t), which implies that 
both patterns are inessential in Y. The pattern s' U t' bounds S DT and its 
complement, and this complement must be infinite as it contains S*. Hence 
S nT must be finite or s' U t' would be essential. Similarly 5** fl T must be 
finite. But this implies that T is finite so that t is inessential. This contra- 
diction completes the proof of the lemma in the case when s and t intersect 
transversely. 

If s and t intersect but not transversely, we use the trick of Meeks and 
Yau, see Lemma 1.3 of [H, as modified by Jaco and Rubinstein in section 



2.3 of [12|. Here is how the trick works in our situation. Note that the 
intersection of s and of t with each 2-simplex cr of y must consist of geodesic 
arcs in the hyperbolic metric on a. We will start by discussing the simplest 
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case when no two geodesic arcs of s and t coincide, and s Dt meets the 1- 
skeleton of Y in exactly one point x which hes on an edge e of Y. The problem 
is that cutting and pasting s and t at x does not yield a strict reduction in 
the length of s U t as we cannot round corners. We resolve this as follows. 
First pick a direction along e and measure the angles at which the various 
geodesic arcs of s and of t meet e at x. The fact that s is a critical point 
for the length function implies that the sum of the cosines of the angles 
corresponding to the edges of s must be zero, and the analogous statement 
holds for the edges of t. In particular, it follows that s and t must locally 
cross at x. This means that any neighbourhood of x contains points of s on 
each side of t and vice versa. Now we perturb s slightly to a new track Si 
by moving the point s Pi e a small distance e along e. We will discuss how 
small to choose e in a moment. The new track si must cross t in at least 
one 2-simplcx ai which has e as an edge. Clearly c(si) > c(s), and we can 
assume the inequality is strict as otherwise Si and t would be two shortest 
essential tracks on Y which intersect transversely, contradicting the result of 
the previous paragraph. Now L{si) — L{s) is a function of e which must be 
zero to the first order as s is a critical point of L. However, the reduction of 
length obtained by cutting and pasting si and t in ai is, to the first order, 
linear in e with (non-zero) coefficient | cos^^ — cos0 | where 6 and denote 
the original angles in ci between e and the arcs of s and t which met e 
at X. It follows that if we choose e suitably small, then the reduction will 
outweigh the increase so that the arguments of the preceding paragraph will 
yield a contradiction by applying them to Si and t. If no two geodesic arcs 
of s and t coincide, and s D t meets the 1-skeleton of Y in more than one 
point, essentially the same argument will work by perturbing s at each of the 
points where s Ht meets the 1-skeleton of Y. If some geodesic arcs of s and 
t coincide, we need to perturb s along the entire 1-complex F of coincident 
arcs and make the same argument as before at each extreme point of F. Note 
that s and t must locally cross at each extreme point x of F, so that there 
is an intersection between Si and t in a 2-simplex o"i which contains x and 
contains non-coincident edges of s and t which end at x. 

We will need one further related result for singular essential patterns. 

Lemma 2.8 Let f : t ^ Y be a finite two-sided essential singular pattern. 
Then either f factors through a covering of an essential embedded pattern in 
Y or there is an essential embedded pattern s in Y such that s and f are 
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equivalent and c(s) < c(/). 

Remark 2.9 This result means that if we can minimise complexity among 
all singular patterns in an equivalence class or collection of equivalence classes, 
then the least complexity pattern must be an embedding or a covering of an 
essential embedded pattern. 

Proof: We will first consider the case where / is self-transverse. Then we can 
perform cut and paste at all the singular points of f{t) to obtain a pattern 
s in y such that c(s) < c(/). In order to ensure that s is equivalent to /, we 
choose all the cut and paste operations to be orientation preserving. This 
means that wc choose the transverse orientation for f[t) specified by the 
transverse orientation which makes / essential and then ensure that each 
cut and paste preserves this direction. The orientation preserving condition 
ensures that any line or loop which has algebraic intersection number d with 
/ also has algebraic intersection number d with the new pattern, where we 
choose the obvious transverse orientation for the new pattern. 

Now we need to consider the more general situation where / need not be 
self-transverse. Our aim is to apply the Meeks-Yau trick as in the proof of 
the preceding lemma. In other words, we will perturb / by a small amount 
to a self-transverse pattern /', and then perform cut and paste on /' as in the 
preceding paragraph to obtain an embedded pattern s such that c(s) < c(/). 
Note that if / is a covering map of an embedded pattern, there is no way 
to carry out this procedure. Suppose first that t is connected and that / is 
not a covering map of an embedded pattern. Then the methods apply to 
obtain an embedded pattern s equivalent to / such that c(s) < c(/). If t 
is not connected, but / fails to be a covering map when restricted to some 
component ti of t, we can use the same methods to obtain an embedded 
pattern si equivalent to /i, the restriction of / to ti, such that c(si) < c(/i). 
Let F denote the pattern obtained from / by replacing /i by the inclusion 
of si and let e denote c(/) — c(F). We can perturb F on each of the other 
components of t, and perform more cut and paste to obtain an embedded 
pattern s which is equivalent to /. Further, this can be done while increasing 
the complexity of F by less than e, so that c(s) < c(/) as required. 

In the first part of the proof of the preceding lemma, we showed that if 
/ is a two-sided essential self-transverse pattern in Y, then oriented cut and 
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paste yields an equivalent embedded two-sided pattern. A natural question 
is what can one say when one considers a one-sided pattern. The answer is 
the following little result which we will use later. 

Lemma 2.10 Let f : t ^ Y be a finite one-sided pattern in Y. Then either 
f is an embedding, or there is a one-sided embedded pattern in Y which has 
less complexity than f. In particular, Y cannot be simply connected. 

Proof: If / covers an embedded pattern s in Y, then s must also be one-sided. 
Thus either / is an embedding or s has less complexity than / as required. 
Without loss of generality we can assume that t is connected. Suppose also 
that / is in general position. Pick a maximal tree T in t, and let S denote 
a subset of t consisting of one point from the interior of each edge oi t — T. 
Then there is a transverse orientation for t — S. By removing points from 
S, we can assume that this transverse orientation does not extend over any 
point of S. We can assume that none of the points of S are double points 
of /. This allows us to perform oriented cut and paste of / to obtain an 
embedded pattern s in y which is transversely oriented except at the points 
of S, and the orientation does not extend across the points of S. It follows 
that s is one-sided as required. If / is not in general position, we apply the 
Meeks-Yau trick as in the proof of the previous lemma. 

Now we want to prove an existence result for patterns of least complexity. 
First we consider only patterns of the same combinatorial type as a given 
singular normal pattern /. This means that any such pattern is homotopic to 
/ through singular patterns in Y, and so, in particular, has the same weight 
as t. We call such a homotopy a normal homotopy. 

Lemma 2.11 LetY be a locally finite 2- dimensional simplicial complex equipped 
with some hyperbolic structure, and let f : t Y be a finite singular normal 
pattern in Y such that the restriction of f to each component oft cannot be 
normally homotoped arbitrarily close to a vertex of Y. Then there is a sin- 
gular pattern f which is of the same combinatorial type as f and has least 
complexity among all such patterns. 

Remcirk 2.12 The hypothesis on the components oft implies that no com- 
ponent of t can be a single point. 
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Proof: This is proved exactly as on page 500 of Jaco and Rubinstein |I2|. 

We will be interested in the existence of shortest patterns equivalent to 
a given essential singular pattern f : t Y but not necessarily of the same 
combinatorial type. In order to apply the above result, we will need to know 
that the essentiality of / implies that no component of t can be homotoped 
arbitrarily close to a vertex of Y. But this need not be true unless we impose 
some condition on Y. For example, suppose that Y is obtained from two 
infinite 2-complexes Yi and Y2 by glueing them at a vertex v and let ti 
denote the pattern in Yi which has one vertex on each edge which contains 

V and has one edge in each 2-simplex which contains v. Thus ti is a copy of 
the link of v in Yi. Then each tj is essential in Y, as it separates Y into pieces 
which are essentially Yi and Y2, and each ti can be isotoped arbitrarily close 
to V. 

If y is a locally finite 2-dimensional simplicial complex, we will say that 
a vertex of y is a splitting vertex if some component of the link of v in 

Y does not bound a compact subset of Y. The assumption which we will 
make for the rest of this paper is that the 2-complexes which we consider 
have no splitting vertices. This will not be a problem for our applications for 
the following reason. If Y does have a splitting vertex, so does its universal 
cover, and it follows that the universal cover has at least two ends. Thus we 
have the following result. 

Lemma 2.13 Let Y be a locally finite 2-dimensional simplicial complex which 
covers a finite simplicial complex Z with fundamental group G. If Y has a 
splitting vertex, then e{G) > 1. 

Now we can state and prove our existence result for shortest patterns. 

Lemma 2.14 Let Y be a locally finite 2-dimensional simplicial complex 
without splitting vertices, and suppose that Y has a hyperbolic structure lifted 
from a finite complex Z covered by Y. Let f denote an essential finite singular 
pattern in Y. Then: 

1. There is a singular pattern f which is equivalent to f and has least 
complexity among all such singular patterns. Further any such f must 
be a covering map of an embedded normal pattern in Y. 
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2. There is a singular pattern f" which has least complexity among all 
essential singular patterns in Y. Further, any such f" must be an em- 
bedded normal pattern in Y. 



Remark 2.15 In the first part of this lemma, the situation where f covers 
an embedded pattern but is not an embedding can certainly occur. Here is 
a simple example. Consider any essential track t embedded in Y and let f 
consist of two parallel copies oft. Then f could map the two copies oft onto 
one copy oft. 

Proof: Let (two, -^o) denote the infimum of the complexities of all singular 
patterns in Y which are equivalent to /, and let fi : ti ^ Y denote a sequence 
of such patterns such that c(/j) {wq, Lq) as i tends to infinity. As remarked 
earlier, the proof of Lemma 2.1 shows that we can assume that each /j 
is normal, as any normalising move reduces complexity. By passing to a 
subsequence, we can also assume that each /j has weight Wq. We consider 
the projections of the /j's into the finite complex Z. This gives us a sequence 
gi of singular patterns in Z. Note that our hypothesis that the hyperbolic 
structure on Y is lifted from one on Z implies that the complexities of fi and 
gi are equal. As there are only finitely many combinatorial types of singular 
patterns of a fixed weight in a given finite 2-complex, we can arrange, by 
again passing to a subsequence, that all the giS are of one combinatorial 
type. This means that each tj can be identified with a fixed 1-complex t' and 
that for a given vertex v of f' each g-i maps v to the same edge of Z. Now 
the proof of Lemma 2.11 shows that there is a singular pattern g : t' Z oi 
the same combinatorial type as the g^j's and with complexity {wq, Lq) unless, 
for large values of i, there is a component u of t' whose image gi{u) lies 
arbitrarily close to a vertex of Z. This would imply that fi{u) also lies very 
close to a vertex of Y and so must cover some component of the link of this 
vertex. The fact that Y has no splitting vertices implies that this component 
bounds a compact subset of Y, and hence that the restriction of fi to f — u 
is equivalent to fi which contradicts our assumption that each fi has the 
least possible weight Wq. The fact that g has the same combinatorial type 
as each gi, means that g can be lifted to a (possibly singular) pattern // in 
Y, where // is of the same combinatorial type as fi. For each i, the singular 
pattern is equivalent to the original singular pattern /, and it has least 
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possible complexity because its complexity is equal to the complexity of g. 
Now Remark 2.9 shows that // must be an embedding or a covering map of 
an embedded normal pattern. 

For the second part of the lemma, the existence part of the proof is 
essentially the same as in the preceding argument, and is carried out by 
minimising over the class of all essential singular patterns in Y. Now consider 
a singular essential pattern /" : t" —>■ Y of least possible complexity. We 
already know that /" must be a covering map of an embedded normal pattern 
s in Y, so that c{s) < c{f") with equality if and only if /" is an embedding. 
There must be a component ofY — s with infinite closure U and with infinite 
complement as otherwise /" could not be essential. Let si denote the sub- 
pattern of s which is the union of those components of s which meet U 
but do not lie in the interior of U. Then si is an essential pattern in Y. As 
c(si) < c(s) < c{f"), the fact that /" minimises complexity over all essential 
patterns in Y implies that these inequalities are equalities and so c(s) = c(/") 
which implies that /" is an embedding as required. 

Using the ideas of the preceding proof, one can give a somewhat different 
proof of Stallings' Theorem for finitely presented groups and of the acces- 
sibility of finitely presented groups by following Dunwoody's arguments in 
[^]. We sketch the proof of Stallings' Theorem. Consider a finitely presented 
group G which is the fundamental group of a finite 2-dimensional simplicial 
complex Yq with universal cover Y. First we suppose that Y does not have 
any splitting vertices. We choose a hyperbolic structure on Yq and give Y 
the induced hyperbolic structure. The hypothesis of Stallings' Theorem is 
that Y has at least two ends. Now we can apply Lemma 2.14 to obtain a 
shortest essential pattern tinY.A crucial point which comes in here is that 
as Y is simply connected, each component of t must separate Y. It follows 
immediately, that some component of t must be essential, and the fact that 
t has least complexity shows that t must equal this component, so that t 
is connected. Now we consider the action of G on Y. Lemma 2.7 tells us 
that for each g in G the translate gt of t is disjoint from or coincides with 
t. It follows that t projects into Yg as a covering of some embedded track 
s. This immediately gives a splitting of G over the finite group C which is 
the stabiliser of t. If Y does have a splitting vertex v, the existence result 
for shortest tracks fails but it is not needed. Let u denote the image of v in 
Yg- It is immediate that u determines a splitting of G over the trivial group, 
which is the stabiliser of v. Thus in either case, Stallings' Theorem follows 
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for finitely presented groups. 



3 Ends of pairs of groups 

We will now fix some of the notation to be used in most of the rest of 
this paper. G is a torsion free hyperbolic group with one end and G has 
an infinite cyclic subgroup H such that e(G, H) > 2. Following Bowditch, 
we sometimes call the number e{G,H) the number of co-ends of H (in G). 
X denotes a simply-connected 2-dimensional simplicial complex on which 
G acts on the left freely and simplicially so that the quotient is compact 
and inherits a simplicial complex structure. If L is a subgroup of G then Xl 
denotes the quotient complex X/L. We will always use only the triangulation 
of Xl inherited from the given triangulation of X. The notation Xh usually 
means that H is infinite cyclic and if /i is a generator of H we sometimes 
write Xh instead of Xh. 

We will often be interested in the subgroup of 7ri(y) represented by a 
track t in Y, where Y is any locally finite 2-dimensional simplicial complex. 
Of course, the fundamental group of any track is a free group, but the group 
in which we will be interested is the image of the natural map 7Ti{t) — > 7Ti{Y). 
If K denotes this subgroup, we will say that t carries K. Note that K is 
only defined up to conjugacy in 'Ki{Y), but this will not cause any problems 
as TTi{Y) will usually be abelian in the cases in which we are interested. 

Now we consider an infinite cyclic subgroup H of G and the correspond- 
ing 2-complex Xh- We will assume that H has infinite index in G, so that 
Xh is not compact. The reader should think of the special case where Xq 
is a closed orientable surface so that Xh is an annulus which contains an 
embedded essential simple closed curve. Prom our point of view, the funda- 
mental property of this simple closed curve is that it separates the annulus 
into two infinite pieces. In addition, of course, it is connected and carries the 
entire group H. In the general situation, we want to find a track which will 
play the role of this simple closed curve on the annulus. 

Lemma 3.1 Let H he an infinite cyclic subgroup of G which has infinite 
index in G. If t is a finite two-sided track in Xh, then it must separate 

Xh- If, in addition, t carries the trivial group, then t must separate Xh into 
two pieces one of which is compact and carries the trivial group, so that, in 
particular, t is inessential. 
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Proof: If t does not separate Xh, it follows that t must carry the trivial 
subgroup of H. Hence t must lift to X, and as X is simply connected this 
lift s must separate X into two pieces. Each of these pieces must be infinite, 



which contradicts our hypothesis that X has only one end. See [|20| for a 
related argument. Now we consider the case when t is separating and carries 
the trivial group. Again t must lift to X, and this lift s must separate X 
into two pieces. If both the components of the complement of t in Xjj are 
infinite, or if the finite component carries a non-trivial subgroup of H, then 
it follows that the complement of s in X consists of two infinite components 
contradicting our hypothesis that X has only one end. This completes the 
proof of the lemma. 

Now we will concentrate on finite tracks t in Xh which carry a non-trivial 
subgroup of H. 

Lemma 3.2 Let H be an infinite cyclic subgroup of G which has infinite 
index in G. Then there is a finite two-sided track in Xh which carries a 
non-trivial subgroup of H . 

Proof: As Xh is not compact, we can take a proper map (f) : Xh — > -R^, the 
non-negative reals and consider the finite pattern t = 0~^(c) where (f)~^{[0, c]) 
contains a loop representing h. At least one of the components of t must be 
a track of the required type, by the preceding lemma. 

Remark 3.3 Another way to obtain tracks is to take suitable sets in Xh 
whose frontiers are disjoint from vertices. 



Lemma 3.4 // e(X//) > 2, there is a finite essential track t in Xh- Any 
such track carries a non-trivial subgroup of H. 

Proof: As e(X/^) > 2, we can take a proper map (f of Xh onto the reals 
and consider the finite essential pattern 0~^(c) for some c in R. Now we 
apply Lemma 3.1 to show that some component of 0~^(c) is essential. The 
same lemma shows that any essential track in Xh must carry a non-trivial 
subgroup of H. 

Remark 3.5 If W is a subset of Xh whose projection to R is not onto, we 
can choose t to be disjoint from W by choosing c in H but not in the image 
ofW. 
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The inverse image in X of such a track t m. X has one component if t 
carries H. Otherwise t must carry a subgroup of H of finite index and we 
have a finite number of components in the inverse image of t. If we fix a 
generator h of H ^ then we can talk of the positive and negative end points 
of any one of these components in dX, the Gromov boundary of X or G. 

We want to use tracks to subdivide dX. Note that any track in X is 
two-sided as X is simply connected. We will generally assume that any track 
A in X which we are considering has two ends; often it will have infinite 
cyclic stabilizer. The quotient by this stabiliser must be compact if A has 
two ends. We will use the term axis for any track in X with two ends and 
infinite cyclic stabilizer. We will use StalPA to denote the subgroup of StabA 
consisting of elements which do not interchange the sides of an axis A, and 
if /i is a generator of StaWA, then dA or E{A) will denote the fixed points 
of h. Usually Pa denotes the positive or attracting fixed point of h, and A^^ 
denotes the negative or repelling fixed point of h. These will also be called 
positive and negative end points of A. By Coornaert 0, if = StaWA acts 
properly disco ntinuously on X — E{A) with compact quotient. If t is the 
image of A in Xh, then t carries H. We will say that the axis A is essential 
if t is an essential track in Xh- Note that if A is essential, then e(X//) > 2, 
but the following example shows that the converse is false. 

Example 3.6 Let Xh be obtained from an open annulus Z and a compact 
annulus Z' by identifying one component of dZ' with an essential circle S of 
Z. Consider circles C and C in Z and Z' respectively which are parallel to 
S and disjoint from S. By an isotopy, we can arrange that each is a track in 
Xh- Then C is an essential track in Xh, but C is not essential- Thus the 
pre-images of C and C in X are tracks A and A' with the same endpoints, 
with A essential and A' inessentiai 

If A is an essential axis in X, we denote the two parts of the image of 
{dX — E{A))/H separated by t as do^Xn) and di^Xn) and think of these 
as the left and right parts of the boundary d^Xn) of Xh- If p denotes the 
projection from Xh U {dX — E{Aj)/H to Xh U 9(X/^),then the subdivision 
of {dX — E{A)) consists of p~^{do{XH)) , p^^{di{XH))- If we take any finite 
cover Xk of Xh and the lift t' of t and repeat the above construction, then 
we get the same subdivision of {dX — E{A)). On the other hand, if we start 
with a track t whose fundamental group does not surject onto H, then the 
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subdivision of {dX — E{A)) may depend on the lift of t that we take in Xk- 
Finally note that distinct essential axes A and A' with the same end points 
may yield different subdivisions of {dX — E{A)), as the following example 
shows. 

Example 3.7 This example is the same as the preceding one except that we 
take Z' to be a half open annulus, so that Xh has three ends. Now C and C 
are both essential tracks in Xh, hut A and A' divide {dX — E{A)) in distinct 
ways. 

The positive outcome of the above discussion is the following. 

Lemma 3.8 Given an essential axis A in X and an infinite cyclic H C 
Stab^A, then A/H defines a subdivision of dX^ and the corresponding sub- 
division of {dX — E[A)) is independent of the H chosen in Stab^A. 

If A, A' are disjoint and H C Stab^A O StaWA' and if A, A' bound a 
compact subset of Xh, we get the same subdivision of {dX — E(A)) whether 
we use A or A' (note that E{A) = E{A')). This generates an equivalence 
relation on essential axes with the same end points. We will denote these 
subsets of {dX — E{A)) by OqA and diA ; thus implicitly we are using some 
transverse orientation for A. We will also often use the notation OlA and 
OrA for the above sets and La,Ra for the corresponding parts of X separated 
by A 

Remark 3.9 We will also use another description of the subdivision of dX. 
Taking a suitable base point x in Ra, we can describe SlA as the set of points 

of dX which can be joined by quasi-geodesic rays from x which cross A an 
odd number of times and BrA as the set of points of dX which can be joined 
by quasi-geodesic rays from x crossing A an even number of times. 

4 Crossing of Tracks 

We next consider crossing of tracks m. X. It is understood that all the tracks 
considered are two-ended and when we talk of subdivision of the boundary, 
the track considered has infinite cyclic stabilizer. 
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Definition 4.1 We say that B crosses A, if the end points of B are on 
different sides of A, that is, one end point of B is in OlA and the other in 
BrA. 

It is clear that if B crosses A and B' is a track with the same end points 
as 5, then B' also crosses A. Also if A is equivalent to A' , meaning that 
A and A' induce the same splitting of dX, then B and B' cross A' . It is 
easy to see that crossing is not symmetric in general even if one restricts 
attention to axes (see the examples later in this section). This will cause us 
some difficulty, but it turns out that we will have symmetry in the cases in 
which we are interested. We note that if B crosses A, then any bi-infinite 
quasi-geodesic joining the end points of B crosses A an odd number of times. 
We can, if necessary, modify the quasi-geodesic to cross A exactly once. 

We now examine the symmetry of crossing. The following proposition 
shows that we have symmetry in many cases. 

Proposition 4.2 Suppose that A, B are essential axes so that e(X//) > 2 
and e{XH') > 2, where H = StalPA and H' = Stab^B. Then A crosses B if 
and only if B crosses A. 

Proof: It will suffice to show that if B does not cross A, then A does not 
cross B. If B does not cross A, the picture in is as shown in Figure 3. 
Remark 2.12 tells us that we can choose an essential track t' in Xh disjoint 
from tt{B) where tt denotes the covering projection X —>■ Xfj- This gives a 
track A' in X which is disjoint from B with the same end points as A. Thus 
A' cannot cross B. As A and A' have the same end points, it follows that A 
cannot cross B. This completes the proof of Proposition 4.2. 




Figure 3 

The next proposition is crucial to our whole approach. 
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Proposition 4.3 Let A be an essential axis, and suppose that for some H C 
Stah^A, e(Xjy) > 3. Then the end points of A lie on one side of any axis B 
in X, i.e. A does not cross B. 

Proof: Consider t = 7r{A) in Xh- There are three possibilities for the end 
points of 7r(i?): (1) Both end points are in doXn, (2) One end point is in 
doXn and the other in diXn, (3) Both the end points are in diXn (See 
Figure 4). 




Figure 4 

In each case, the fact that Xh has at least three ends while B has only 
two ends implies that there is a proper map : Xh — *■ R such that the 
induced map from i? to R is not onto. Now Remark 3.5 implies that we can 
find a finite track s in Xh which carries a non trivial subgroup of H and 
does not intersect vr(i?) (see Figures 4a and 4b). This gives a track A' in X 
with the same end points as A which is disjoint from B. 




Figure 4.a Figure 4.b 
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It follows that A', and hence A, does not cross B. This completes the 
proof. 

Now we give the promised examples of asymmetry of crossing of axes. 

Example 4.4 For any hyperbolic group G which is not elementary, if A is 
an essential axis with H C StaWA, and if e{XH) > 3, there is an axis B such 
that B crosses A but A does not cross B. This is immediate if we can find 
B as in case 2) in the proof of Proposition 4.3. To find such a B, we take 
h E G which has limit points as in case 2), (such h must exist by the density 
of endpoints of axes [^), and take B to be the axis of h. By Proposition 



3.2 we must have e{Xhn) = 1 for any positive integer n. Similar examples 
can be constructed even when e{G, H) < 2 for all two-ended H in G (See 
the definition and examples below). 

This example may give the impression that asymmetry in the crossing 
of axes is a surprising condition which can only occur for rather subtle rea- 
sons. The following simple example shows that asymmetry of crossing is not 
surprising and should have been expected. 

Example 4.5 Let M be a compact orientable hyperbolic 3-manifold with 
an incompressible boundary component F which is not a sphere or torus. 
Identify the universal cover of F with the hyperbolic plane H^. Let Ci and 
6*2 be essential simple closed curves on F such that Ci and C2 cannot be 
homotoped in F to be disjoint. Let G denote the fundamental group of M, 
let gi and g2 denote generators of the cychc subgroups of G carried by Ci 
and C2 and let h and I2 denote axes in for gi and g2 which lie above Ci 
and C2. The fact that Ci and C2 cannot be homotoped in F to be disjoint 
means that li and I2 must cross, in the sense of Definition 4.1. 

Suppose that there is an essential annulus 5*1 embedded in M with Gi as 
a boundary component, and let S2 denote an inessential annulus embedded 
in M with G2 as a boundary component. This means that 5*2 is parallel into 
F. Fix a triangulation of M such that Si and S2 are normal surfaces in M. 
Let Xg denote the 2-skeleton of M, and let ti and ^2 denote the intersection 
of 5*1 and 5*2 with Xq- Thus ti and ^2 are tracks in Xq which contain Gi and 
G2 and hence carry the cyclic groups generated by gi and g2 respectively. Let 
X denote the universal cover of Xq, and let Ai and A2 denote components 
of the pre-image in X of ti and t2, so that they contain li and I2 and are 
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axes for gi and g2 respectively. The fact that 5*2 is inessential implies that 
e(G, A2) < 1 so that Ai cannot cross A2. The facts that 5"! is essential and 
that I2 crosses li implies that A2 crosses Ai. 

Recall that a one-ended hyperbolic group G is said to have a multi-band or 
to be of multi-band type, if there is a two-ended subgroup H with e{G, H) > 
3, and that G is of surface type if e{G, H) <2 for every two-ended subgroup 
H . The proof of the main theorem is broken up into two cases using this 
division. We will prove the theorem in the multi-band case in the next 
section. The rest of the paper will be devoted to providing a proof in the 
surface type case. Here are some examples of both types. The first three are 
of multi-band type. 

Example 4.6 Consider two orientable closed surfaces of genus > 2 and 
identify them along a non-trivial simple loop on both. If G is the group 
so obtained and H the subgroup corresponding to the simple loop, then 
e(G, H) = 4 and G is hyperbolic by a theorem of Bestvina and Feighn 

Example 4.7 Let Gi,G2 be hyperbolic groups, let gi,g2 be elements of 
Gi,G2 respectively such that gi is indivisible in Gi and g2 has a root of 
order > 3 in G2. Let G be the group obtained by amalgamating Gi and G2 
along the cyclic subgroups generated by giand g2 , and let H denote this 
cyclic subgroup of G. Again, it is easy to verify that e{G, H) > 3 and that 
G is hyperbolic by 

Example 4.8 This is a special case of the previous example. We can take 
G2 to be infinite cyclic and g2 to be the n*^ power of a generator of G2 where 
n > 3. Of course, we take gi to be indivisible in Gi and so that it does not 
generate the whole group. 

We next construct surface type examples which are not surface groups. 

Example 4.9 Let Mi,M2 be two orientable hyperbolic 3-manifolds with 
incompressible boundary. We further assume that there are no essential 
annuli or tori in Mi, M2. Identify the manifolds along non-trivial embedded 
annuli Ai C dMi, A2 C dM2 to obtain M. Let G be the fundamental group 
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of M and let H denote the subgroup corresponding to Ai, A2. We claim 
that G is of surface type. We have to show that e{G) = 1, and e{G, K) < 2 
for any infinite cyclic K in G. It is easy to check that e{G) = 1, because 
M is irreducible with incompressible boundary. The claim about e{G, K) is 
divided into a few cases. If X is the universal cover of M and the cover 
corresponding to both X, X^ are built from various covers of Mi, M2. In 
both cases we need to consider only covers which are either simply connected 
or have infinite cyclic fundamental groups. 

If is any such cover we want to calculate Hl{N; Z) and use the Mayer- 
Vietoris sequence to estimate HI[Xk] Z). We also have 
Hl{N\ Z) = H2{N, dN; Z). The latter fits into the exact sequence 

^ H2{N, dN- Z) Hi{dN- Z) Hi{N; Z)... 

Since each Mj is acylindrical, Hi[dN] Z) = ot Z and since Mj is boundary 
incompressible the map Hi{dN] Z) Hi{N] Z) is injective. Thus Hl{N; Z) 
is always zero in the cases we need. If N, N' are two such copies in Xk 
and if they intersect, they intersect along, say Y, which is an annulus or the 
product of an interval and a real line. Now the exact sequence 

^ H^{Y; Z) Hl{N U N'; Z) HI{N; Z) © H\{N'; Z) HI{Y; Z) 

shows that e{G, K) = 1 when K is not conjugate to a subgroup of H, and 
that e(G, K) = 2 ii K is conjugate to a subgroup of H. 



Example 4.10 We can use a construction similar to the above to obtain a 
HNN-extension. This time, we start with M with similar properties to those 
of Mi above and identify two non-parallel annuli in the boundary of M. The 
proof that M is of surface type is similar. 



5 Proof in the multi-band case 

We need the following variation of Theorem 2.2 of stemming from the 



work of Stallings and Dunwoody 0. Let be a finite simplicial 2- 



complex with universal cover X, and let A be a track in X with stabiliser H. 
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Let TT denote the projection X — > Xh and let E, E* be the two components 
oiX-A. 

Theorem 5.1 Suppose that 
(a) A/H is finite, 

(b) Both the components of Xh — Ah are infinite, 

(c) For every g E G = 7ii{K), at least one of the four sets 

gE nE,gEn E\ gE* f] E, gE* f] E* 

has finite image in Xh, and 

(d) If two of the four sets in (a) have finite image in Xh, then at least one 
of them is empty. 

(e) the equation gE = E* does not hold for any element g of G. 
Then G splits over H . 



Remark 5.2 Assumption c) means that the axis A does not cross any of its 
translates. Assumption d) means that if gA projects to a finite singular track 
in Xh then A and gA are disjoint or coincide. Assumption e) means that no 
element of H interchanges the sides of A in X so that A/H is a two-sided 
track, and assumption b) means that A/H is essential in Xh- 

Ideally, we would like to prove this theorem by taking A/H to be shortest 
in some sense and showing that as A does not cross any of its translates, it 
must be disjoint from all its translates. This would immediately imply the 
result. However, there are some technical problems with this approach so we 



simply use the arguments in / [7^/ , 



The theorem in |]T5[ is stated in terms of 3-manifolds, but the proof of 
Theorem 2.2 in carries over to a proof of Theorem 5.1 above. (The 
condition (d), is not exphcitly stated in |TB|, though it is mentioned a few 
times that it is satisfied in the course of the proof). 

In this paragraph, we discuss the case of a general group G which can 
have a multi-band or be of surface type. We first examine the situation when 
one has two axes A, B which do not cross. We may assume by choosing 
appropriate transverse orientations that Na,Pa ^ Lb and Nb,Pb ^ Ra- 
Consider the infinite components of X — {AU B). Let H = StalPA and let 
K = StalpB. Choosing a suitable base point near Nb or Pb in Rb (see Figure 
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9 in the proof of Lemma 8.1) we see that there is an infinite component Xi of 
X — {AU B) whose closure contains Nb, Pb but does not contain translates 
by K of Na, Pa- Similarly there is a component X2 whose closure contains 
Na,Pa but does not contain translates by H of Nb,Pb- Finally, there is 
either one or two infinite components X3,X4 (one of them may be empty) 
such that their closures contain one of the end points of A and one of the 
end points of B (possibly all four). The closures of the Xi's exhaust all of 
dX. Thus X — UXi is compact. With our notation, we have: 

Lemma 5.3 If A, B are axes which do not cross, then (with the above choices 
of transverse orientations) LaHLb, Ra ^Rb o,nd Ra n are infinite, and 
LaH Rb is finite. 

We now assume that G has a multi-band and we want to prove Theorem 
1.3 by using Theorem 5.1. We restate the result. 

Theorem 1.3: Let G be a one-ended hyperbolic group and let Hq be a 
two-ended subgroup with e{G, Hq) > 3. Then G splits over a subgroup H 
commensurable with Hq. 

Proof: The hypothesis that Hq be two-ended implies that Hq contains an 
infinite cyclic subgroup Hi of finite index. Let g denote a generator of Hi 
and let P and Q denote the fixed points of g in its action on dX. Let H2 
denote the stabihser of {P,Q}. Then H2 must contain Hi as a subgroup of 
finite index so that H2 also has two ends. The point of considering H2 is that 
it is the unique maximal two-ended subgroup of G which contains Hq. Let H 
denote the intersection of all the conjugates of Hi in H2, so that H is normal 
in H2. As Hi is of finite index in H2 and is infinite cyclic, it follows that H is 
also of finite index in H2 and infinite cyclic. Let X^ denote the quotient of X 
by Hi. We denote the quotient group H2/H by K. Thus X is a finite group 
which acts on Xh by covering translations with quotient X2. As Xh is a finite 
cover of Xq, and e(Xo) > 3 by assumption, it follows that e(X//) > 3. We 
claim that there is a finite essential track t in Xh which is i^-equivariant. 
This means that, for all k in K, the track kt is disjoint from or coincides 
with t. Let s denote a finite essential track in Xh, and let N denote a K- 
invariant neighbourhood of the union of all the translates of s by K. Then 
any component of the frontier of N in Xh is a A'-equivariant finite track. 
If no component is essential in Xh, then all but one of the components of 
Xh — N is finite, which would contradict the assumption that s is essential. 
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Thus some component of the frontier of N is the required i^-equivariant 
essential finite track t in Xh- The pre- image of t in X consists of a finite 
number of disjoint axes. Let A denote one of them. The ii'-equivariance of 
t imphes that A is if2-equivariant. 

Now we can verify the hypotheses of Theorem 5.1. Let h be an element 
of G. The fact that e{XH) > 3 combined with Proposition 4.3 tells us that 
A, and hence also hA, cannot cross any axis. Hence if hA has different end 
points from A, then both the end points of hA are on one side of A, say 
in dRA, and both the end points of A are on one side of hA, say in hdLA- 
Lemma 5.3 tells us that exactly one of the four sets of 5.1.(c) is finite, namely 
La n hRA- The other three sets have points near the boundary of X and 
thus project to unbounded sets under vr. Hence exactly one of the four sets 
of 5.1.(c) has finite image in X^- If hA has the same endpoints as A, then h 
lies in H2 so that hA is equal to A or disjoint from A. This implies that the 
conditions (a-d) of 5.1 are satisfied. Condition (e) can fail only if t covers 
a one-sided track u in X2. If this occurs, we let v denote the boundary of a 
regular neighbourhood of u in X2 and replace t by a parallel track t' which 
covers v. The new track t' satisfies condition (e) and automatically satisfies 
the other conditions also. This completes the proof of the theorem. 



6 Orientation in surface type groups 

For the rest of this paper, we will concentrate on surface type groups. This 
time we cannot expect to split along a subgroup commensurable with H, as 



the example of the usual surface groups shows. Tukia [|23[ showed how to 
find better candidates if the original H does not work. We could combine 
this approach and Theorem 4.1 to complete the proof. Instead we follow the 
ideas of Freedman,Hass, Scott and show that tracks of least complexity, 
like least area surfaces, result in the desired splittings. 

We recall that we are considering a hyperbolic group G which is a one- 
ended torsion free group with e{G, H) < 2 for every infinite cyclic H G G. 
As mentioned above this case is very similar to the usual surface groups 
and we plan to adopt some of Tukia's ideas in [^]. We have the additional 
difficulty of orientation reversing elements which we discuss first. We start 
by observing that tracks have some nice properties in the case of groups of 
surface type. 
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Lemma 6.1 If G is of surface type and e{G,H) = 2, and if t is a finite 
track in Xh, then t must be two-sided. If t is essential in Xh, then t must 
carry H. 

Proof: If t is one-sided, let W denote the space obtained from Xh by cutting 
along t. Then Xh has a double cover which is the union of two copies of 
W glued along a double cover of t. This double cover must have four ends 
which contradicts the hypothesis that G is of surface type. Hence t must 
be two-sided. If t is essential, then Lemma 3.1 shows that t must carry a 
subgroup H' of H of some finite index d. Thus t splits Xh into two infinite 
pieces G and D such that G carries H and D carries H' . It follows that the 
cover of Xh of degree d consists of a finite cover of G together with d copies 
of D and so it must have at least d-\-l ends. The fact that G is of surface 
type implies that d equals 1, so that t must carry H as claimed. 

Lemma 6.2 Let G he of surface type and e{G, < g >) = 1 , but 
e{G, < 5f" >) = 2 for some n. Then e{G, < g^'^ >) = 2 and 
e{G, < ^'"^+1 >) = 1. 

Proof: Let Xk denote the quotient of X by the cyclic group generated by g^. 
Note that the finite cyclic group acts on X^ with quotient Xi. If Xk has 
two ends, the action of on X^. induces an action on the two ends, yielding 
a homomorphism from Zj, to Z2. If this homomorphism were trivial, i.e. if 
the action preserved the two ends, it would follow that Xi had two ends 
also. This contradiction shows that the homomorphism must be non-trivial, 
so that k must be even. If k is odd, we deduce that Xk must have one end. 
Hence if there is n such that X„ has two ends, then n is even and the analysis 
above shows that X2 must also have two ends. Now it follows that X2m has 
at least two ends, for all m, and hence that X2m has exactly two ends, as G 
is of surface type. This proves the assertions of the lemma. 

Definition 6.3 If G is of surface type and if e{G, < g >) — 1 but 
e{G, < g" >) —2 for some n, then we call g orientation reversing . 

If g is not orientation reversing we call g orientation preserving. 
In the Lemma above, we can map G onto a Mobius band and take the 
inverse image of the middle circle to obtain a finite one-sided pattern inside 
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C. Any onc-sidcd component t of this pattern will be a track in C whose pre- 
image in the double cover of C is essential. It follows that t carries < g > . 
This gives an axis in X stabilized by < > whose sides are interchanged 
by g. Conversely, if there is such an axis whose sides are interchanged by g, 
then g is clearly orientation reversing. Thus: 

Lemma 6.4 Let G be of surface type. An element g & G is orientation 
reversing if and only if there is an axis A in X stabilized by < g > such that 
the sides of A are interchanged by g. 

We will call A an axis for g ii g stabilises A. We have: 

Lemma 6.5 If G is of surface type and e{G, < g >) — 2, then all essential 
axes for g give the same separation of dX . 

7 Shortest tracks for groups of surface type 

It is simpler for many of the assertions that follow to assume that G is of 
surface type and even though some of the results of the following sections are 
valid more generally, we will continue to confine ourselves to surface 
type groups. Recall that Lemma 6.1 tells us that if e(X//) = 2, then 
any finite track t in Xh is two-sided and that if t is essential in Xh then 
t must carry H. This is very similar to the situation of an annulus cover 
of a surface as already discussed. We will use this analogy and use shortest 
tracks to obtain splittings in the surface type case. We will need the following 
existence result for shortest tracks. 

Lemma 7.1 Let G be a torsion free hyperbolic group of surf ace type and let 
H be an infinite cyclic subgroup. If e{XH) — 2, there is an essential pattern 
t in Xh which is shortest among all such patterns, and any such pattern is 
normal, connected (hence a track), two-sided and carries H . 

Further, there is an infinite cyclic subgroup H of G and an essential track 
t in Xh such that t is shortest among all essential tracks in all quotients of 
X by an infinite cyclic subgroup of G. 
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Remark 7.2 The first part of this lema is analogous to the second part of 
Lemma 2.14- There is no point discussing the analogue of the first part of 
Lemma 2.14, which is about the existence of a shortest pattern in a given 
equivalence class as all essential tracks in Xh are equivalent as Xh has two 
ends. 

Proof: The second part of Lemma 2.14 shows that there is an essential 
singular pattern in Xh which is shortest among all such patterns and that 
any such shortest pattern is a normal embedding. Let t denote such a shortest 
pattern. As we remarked at the start of this section, Lemma 6.1 shows that 
each component of t must separate Xh. It follows that some component of t 
is essential. As t is shortest it follows that t equals this component so that 
t is connected. Of course, t must be two-sided as it is essential. Finally, we 
apply Lemma 6.1 again to show that t must carry H. 

The last part of Lemma 7.1 is proved in much the same way as the 
existence result of Lemma 2.14 by projecting into Xq a sequence of tracks 
whose complexity approaches the infimum of all possible complexities. The 
fact that the tracks being considered are all essential in some quotient of X 
by an infinite cyclic subgroup of G ensures that some subsequence converges 
to a singular track in Xq, and this will yield a possibly singular track / in 
some Xh such that / has the required minimal complexity and is essential, 
and covers an embedded track t. Now the fact that / has minimal complexity 
implies that / must be an embedding and that t is the required track. 

We will also need an analogous existence result for shortest one-sided 
tracks. 

Lemma 7.3 If Xh contains a one-sided track, then there is a shortest one- 
sided track in Xh. Further, there is an infinite cyclic subgroup H of G and 

a one-sided track t in Xh such that t is shortest among all one-sided tracks 
in all quotients of X by an infinite cyclic subgroup ofG. 

Proof: This result has essentially the same proof as the existence results for 
shortest essential tracks in Lemma 2.14. One takes a minimising sequence 
of one-sided tracks in Xh- Remark 2.2 shows that we can assume that each 
of these tracks is normal. The hypothesis of one-sidedness replaces the hy- 
pothesis of essentiality, and the key fact needed is that a one-sided track in a 
2-complex cannot be very close to a vertex. For there is a canonical normal 
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direction for a track close to a vertex v, in which the normal points towards 
V. One obtains a possibly singular one-sided track / in Xh of least possible 
complexity. Lemma 2.10 shows that / must be an embedding. 

The second part of the lemma has essentially the same proof. 

We next give analogues of results in Freedman, Hass and Scott |§] and 
[^]. The proofs are essentially identical. The first result is the analogue of 
the fact that two shortest simple closed curves on an annulus must coincide 
or be disjoint. It is a special case of Lemma 2.7, once one remembers that a 
shortest essential track in Xh is actually shortest among all essential patterns 
as proved in Lemma 7.1. 

Lemma 7.4 Suppose Xh has two ends and that s and t are shortest essential 
tracks in Xh- Then either s and t coincide or they are disjoint. 

Our next result is the analogue of the fact that a shortest loop on an 
annulus lifts to a shortest loop on any finite cover. 

Lemma 7.5 Suppose Xh has two ends and t is a shortest essential track in 
Xh- If Xk is any finite cover of Xh and t' denotes the lift of t to Xk, then 
t' is a shortest essential track in Xk- 

Proof: Let p : Xx — ^ Xh be the covering projection, r be a generator of 
the deck transformation group and let the order of the cover be d. Suppose 
there is an essential track s' in Xk with c(s') < c(t'). Lemma 6.1 shows 
that s' must carry K. Choose s' to be a shortest such track. Consider the 
translates of s' by the powers of r. The preceding lemma implies that each 
r*s' must coincide with s' or be disjoint from s' - It follows that s' projects 
into Xh covering its image which we denote by s. Clearly s is an essential 
track in Xh-, and so it must carry H by Lemma 6.1. It follows that each r*s' 
coincides with s', so that s' covers s with degree d and hence c(s') = d-c{s)- 
As c{t') = d-c{t), it follows that c(s) < c{t). This contradiction completes the 
proof of the lemma. 

Before continuing, we briefly consider the orientation reversing case. If g 
is orientation reversing, consider p : Xg2 Xg, let r denote the non-identity 
covering translation and let t be a shortest essential track in Xg2. Lemma 
7.4 shows that t and r(t) are either disjoint or coincide. In the first case 
= c(t), and in the second case 2c{p(t)) = c(t) and p(t) is one-sided in 
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Xg. Also recall from the discussion at the end of section 5 that if one starts 
with a one-sided track t in Xg, then its pre-image in Xg2 must be an essential 
track. Thus 

Lemma 7.6 If c{g) is the minimum of c{t) for one-sided tracks in Xg, and 
c{g'^) is the minimum for essential tracks in Xg2, then 2c{g) > c{g^). 

Now we consider the analogue of the fact that if one has a shortest loop 
C on an annulus M then its pre-image in the universal cover M of M is a 
length minimising line /. This means that any compact interval A in / is the 
shortest path in M connecting the two points which form dX. The proof in 
P uses the facts that A projects injectively into a finite cover Mi of M and 
that the lift Ci of C into Mi is shortest and so any sub-arc is also shortest 
in its homotopy class. We need to replace the concept of homotopy class for 
our more general situation. 

Let s and s' be oriented partial patterns in a 2-complex Y which have 
the same boundary. Thus s U s' is naturally a singular pattern in Y. We will 
suppose that if we take the given transverse orientation on s and the opposite 
one on s', this yields a transverse orientation on s U s'. We will say that s 
and s' are equivalent if every loop and proper map of the line into Y has zero 
intersection number with s U s' equipped with this transverse orientation. 
Now the following result is clear. 

Lemma 7.7 Suppose that Xh has two ends and let t be a shortest essential 
track in Xh. If s is an oriented partial pattern contained in t which is equipped 
with a transverse orientation induced from a transverse orientation oft, then 
s is shortest among all oriented partial patterns in Xh which have the same 
boundary as s and are equivalent to s. 

It follows that if the pre-image of t in X is the axis A, then A is length 
minimising in the following sense. 

Lemma 7.8 Suppose that Xh has two ends and let t be a shortest essential 
track in Xh- Let the pre-image of t in X be the axis A. Then any finite 
pattern s contained in A is shortest among all partial patterns in X with the 
same boundary. 
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Remark 7.9 Note that as X is simply connected. Lemma 2.10 shows that 
any singular pattern in X is two-sided. Thus the union of two oriented partial 
patterns in X with the same boundary is automatically orientable. As X has 
only one end, it follows that any two partial patterns in X with the same 
boundary are equivalent up to change of orientation so that this lemma does 
not need any reference to equivalence. 

Proof: This follows from the preceding lemma because the finite pattern s in 

A projects injectivcly into Xyn for some n. 

Now we can prove the analogue of the fact that two length minimising 
lines in a plane must coincide, be disjoint or intersect transversely at a single 
point. 

Lemma 7.10 If A, B are minimal axes, then they must coincide or be dis- 
joint, or cross. If they cross then they intersect in a finite graph such that 
both A — (AnB) and B — (AnB) consist of exactly two infinite components 
each. Further, given e> 0, there is an &-isotopy of the track A/ StaW{A) 

which arranges that A and B intersect transversely in finitely many points 
and that both A — {A H B) and B — {An B) consist of exactly two infinite 
components each. 

Remark 7.11 This means that minimal axes in X behave very much like 
lines in the plane. Note that the lemma does not assert that A and B intersect 
transversely although we have no counterexample. 

Proof: We start with the case when A and B have the same end points and 
hence must have a non-trivial common stabiliser H which preserves the two 
sides of each. The fact that A and B must coincide or be disjoint follows 
immediately by applying Lemma 7.4 to the quotient tracks A/H and B/H 
in Xh- For the rest of this proof we will assume that A and B do not have 
the same end points. 

Suppose that A and B are distinct but intersect transversely. It is auto- 
matic that they intersect in a finite number of points. We will consider the 
possibility of non-transverse intersection later. If the lemma fails to hold, 
there must be a bounded component R of X — {AU B). This is true whether 
A and B cross or not. Such a region will be bounded by compact pieces of 
A and B which will be partial patterns. In the case of lines intersecting in 
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a plane, one can find R such that its boundary meets each of A and B in a, 
connected set, but there seems no reason why this should be possible in gen- 
eral. However, we can still make what is in essence the usual cut and paste 
argument. We will perform cut and paste at each point Ar\B which lies in 
the boundary of R. At each such point one locally sees four regions exactly 
one of which is part of R. We choose the cut and paste which connects this 
region to the opposite one. We know that cut and paste operations reduce 
complexity but this does not mean much as both A and B have infinite com- 
plexity. We get round this problem as follows. Let and A- denote the 
two infinite pieces of A — (An -B), and similarly for 5+ and Let Ai denote 
the partial pattern obtained by truncating A in and A_ and describe Bi 
similarly. Lemma 7.8 tells us that Ai and Bi are each the shortest patterns 
in X with their boundary. The result of our cut and pastes is to replace A^ 
and Bi by A'^ and B[ . where A-^ is obtained from Ai by removing ^4 n it! and 
replacing it with B Cl R, and B[ is obtained similarly. Now we can say that 
c{A[) + c{B[) < c{Ai) + c{Bi). This contradicts the fact that Ai and Bi are 
each the shortest partial patterns in X with their boundary, completing the 
proof of the lemma in the case when A and B intersect transversely. 

If A and B have non-transverse intersection, we want to apply the Meeks- 
Yau trick as in the proof of Lemmas 2.7 and 2.8. If X — {A U B) has a 
bounded component, we can use this trick and the arguments of the preceding 
paragraph to obtain a contradiction. Thus X—{A[JB) cannot have a bounded 
component. Recall from the discussion in the proof of Lemma 2.7 that each 
extreme point of the finite graph ADB is a local crossing point of A and B. 
This means that any neighbourhood of such a point contains points of A on 
each side of B and vice versa. If A and B do not cross, but do intersect, the 
local crossing property implies that A has points on both sides of B which in 
turn implies that X — {A\JB) has a finite component, which we know cannot 
occur. We conclude that if A and B do not cross, then they must be disjoint. 
If A and B do cross, the fact that there cannot be a finite component of 
X -{AUB) implies that each oi A - (AnB) and B -{AnB) cannot have 
a finite component, so that each consists of exactly two infinite components 
as required. 

For the last part of the statement of the lemma, we consider the finite 
two-sided track A/ Stab^{A) in X/StaW{A). Denote the track by ti and the 
quotient of X by Xi. As ti is two-sided in Xi, it has a neighbourhood home- 
omorphic to ti x /. This defines an isotopy of ti which moves it to a parallel 
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copy, and all the nearby parallel copies will automatically be transverse to 
the image of B in Xi, so that the new version of A will intersect B trans- 
versely in a finite set. Applying the Meeks-Yau trick again implies that AdB 
must separate each of A and B into exactly two infinite pieces as required, 
so long as we move ti a small enough distance. 



8 Subdivisions of the boundary of X 



N 



We consider again subdivisions of the boundary, this time with respect to 
various crossing essential axes in the surface type case. We have already 
noted that if A is an essential axis in X, then dLj^, ORa can be described in 
terms of quasi-geodesic rays from some base point x. For example, in Figure 
9 below, 

3(RJ 
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Figure 10 



Figure 9 

dLA consists of points of the boundary for which the quasi-geodesic rays 
(hereafter called rays) joining them to x cross A an odd number of times and 
in fact we can even find rays which cross exactly once since A is connected. 
Similarly ORa is described as the part of the boundary for which the rays 
cross an even number of times. We will use the convention that an arrow 
representing a transverse orientation of A always points towards to Ra- Since 
X has one end we can require the rays to avoid compact sets in X. Suppose 
C is a compact set in X such that A — {Ad C) has two infinite components, 
(there are automatically at most two). Let these be Ei,E2 with Na G Ei 
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and Pa G E2. If i? is a ray which avoids C and joins a; to a point of OLa, 
then the intersection of R with A is in EiU E2. We can now further modify 
R to obtain a ray which intersects A exactly once. We next observe that 
La, Ra have exactly one end each. Thus : 

Lemma 8.1 We can join x to a point of ORa by a ray which avoids any 
given compact set in X and does not intersect A. Similarly we can join x to 
a point of OLa, by a ray which avoids a given compact set C and meets A 
exactly once either in Ei or E2 as required. 

Next suppose that two axes A and B cross. We can assume that Pg lies 
in ORa by changing our choice of generator of StaWB. Figure 10 shows the 
picture for one choice of transverse orientation of B. Given this choice, we 
subdivide dX into four sets [Pa, Pb], [Pb, Na], [Na, Nb], [Nb, Pa] as follows: 
[P^, p^] = dRA n dRB, (Pa, Pb) = (ORa n ORb) - {Pa, Pb} etc. Note that 
if we change the transverse orientation on B, then [Pa,Pb] = dRA ndLs- 
Choose a base point x in X which lies in Ra close to Pa and does not he on 
B. Then {Pa, Pb) can be described as the set of points y in dX which can be 
joined to x by rays which cross both A and B an even number of times and 
[Pa, Pb] is its closure. Now join x to y by a ray r which does not intersect A, 
and so lies in Ra- Such a ray, if it intersects B at all, will intersect B in the 
infinite component of B — [ACi B) in Ra an even number of times and thus 
can be replaced by a ray which does not intersect either A or B. If yi, 2/2 are 
two points of {Pa, Pb), then the union of two such rays ri, r2 is a bi-infinite 
path joining yi,y2 which does not intersect AU B. Thus {Pa,Pb) is in the 
closure of one infinite component of X — {AU B). Hence : 

Lemma 8.2 // A, B cross then X — {AU B) has exactly four infinite com- 
ponents and their closures intersect dX in the subsets 

[Pa, Pb], [Pb, Na], [Na, Nb], [Nb, Pa]- 

Following Tukia, we sometimes denote these subsets of dX by /i, /2, /s, I4 
in that order. See Figure 10. We next consider the situation when there is 
an axis C with Pc G {Na,Pb), Nq G {Nb,Pa) and observe that we obtain 
subdivisions of dX as in the case of a circle (See Figure 11 with transverse 
orientations as shown). 
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N 

Figure 11 

We have: 

Lemma 8.3 Suppose that C is an axis with Pc G (A^i, Pb), Nq G {Nb, Pa)- 
Then we have with suitable choice of transverse orientation for C : 

(1) dRc D [Pa, PbIOLc D [Na, Nb], 

(2) [Nb, Pa] = [Nc, Pa] U [Nb, Nc], [Nc, Pa] n [Nb, Nc] = {Nc}, 

(3) [Na, Pb] = [Na, Pc] U [Pc, Pb], [Na, Pc] n [Pc, Pb] = {Pc} 

Proof: We now take a base point x near Pa in La and a ray R joining x to 
a point of {Pa, Pb)- We assume that R avoids all the intersections of A, B, C 
and does not meet B and meets A exactly once near Pa- If R meets C an 
odd number of times, we modify R near the ends of C to R' so that R' meets 
C near Pc or Nc and still intersects A once and does not meet B. Since R' 
crosses A, R' must meet C near Nc- This means that Nc is in Ra and it 
is in Rb since R' does not meet B. Hence Nc should be in Ra H Rb which 
contradicts the hypothesis that Nc is in {Nb, Pa)- This proves that [Pa, Pb] 
is on one side of C. Similarly we conclude that [A^^, Nb] is also on one side 
of C. We now choose transverse orientation on C so that [A^^, A^'^] C dLc 
and [Pa, Pb] C dRc- Since dLc n [Pa, Pb] = 0, we have 

dLc = {dLc n [Na, Nb]) U {dLc n (A^^, Pb)) U {dLc n {Nb, Pa)) 
= [Na, Nb] U {dLc n (A^^, Pb)) U {dLc n {Nb, Pa))- 
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Since {Na, Pb) is in OLb, we have 



dLc n dRB = (dRB n [Na, Nb]) U {die n (Nb, Pa)) = {die n [Nb, Pa))- 

. Hence [Nb,Nc] C [Nb,Pa). Since (Pa,Pb) C , we have [Na, Pc] = 
dLcHdRA = dLcn[NA,PB]- Thus [Na,Pc] C [Na,Pb]- The other inclusions 
of Lemma 8.3 are proved similarly. 

We note a consequence of the above lemma. Let g G StalPA so that Pa 
is the attractive fixed point for g. We must have the end points of gB in 
d^Rs)- For otherwise, let C = gB. If C is as in Lemma 8.3, we see that 
g[NA, Pb] = [Na, Pc] so that g'^{PB) G [Na, Pb] for all positive i contradicting 
the assumption that Pa is the positive fixed point of g. If C = gB crosses B in 
the other direction, i.e. Pc € {Pa,Pb), G {Na,Nb). we can interchange 
the roles of B and C, and again arrive at a contradiction. Thus: 

Corollary 8.4 // A, B are essential axes which cross and if g E Stab^A, 
then the end points of gB are in d{RB), the half containing Pa, the positive 
fixed point of g . 

Up to this point, we have discussed only one choice of configuration for 
crossing axes A and B as shown in Figures 10 and 11. If B equals hA, and 
we choose a transverse orientation for A and the induced one for B, then 
there are four possible configurations as shown in Figures 12a, 12b, 12c and 
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Figure 12. a 



Figure 12.b 
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Figure 12.c 



Figure 12.d 



Note that configurations 12c and 12d can be obtained from 12a and 12b 
by interclianging A and B and replacing h by h~^, so tliat we need only 
consider tfie configurations in 12a and 12b. We will say that hA crosses A in 
an orientation preserving fashion in case 12a and in an orientation reversing 
fashion in case 12b. More formally, in the first case {Pb, Na} ( or {Pa, Nb} 
in case 12c) is on the right or positive side of both A and B and in the second 
case {Pb, Pa} (or {Nb, Na} in casel2d) is on the positive side of both A and 
B. We will use the abbreviations o.r. and o.p. We want to show that if the 
crossing is o.p. then h is o.p. Let A^ denote an axis for h. First observe that 
the fixed points of h must be in I2 U I/i as each must lie on the positive side 
of both A and hA or on the negative side of both. If Ah is not an essential 
axis, then h is o.p. by definition. So we may assume that Ah is essential. If 
both the fixed points of h lie in I2 or if both lie in I4, then the endpoints of 
A and B lie on one side of Ah, so that h does not interchange the sides of 
Ah and h must be o.p. If one of the fixed points is in I2 and the other in 
J4, then Ah crosses A. Since Ah is an essential axis, crossing is symmetric 
so that A crosses Ah. If h is o.p., the above corollary shows that B = hA 
cannot cross A, a contradiction. If h is o.r., we also have a contradiction as 
Pa and Pb = hPA lie on the same side of Ah- Thus: 

Lemma 8.5 If hA crosses A in an o.p. fashion, then h is o.p. and the fixed 
points of h are in [Na,Pb] U [Nb,Pa]- If h has an essential axis, then the 
fixed points of h are in either [Na,Pb\ or in [Nb,Pa\ ( that is, I2 or 
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We will prove later on (the main difficulty lies in showing that h has an 
essential axis) that if the crossing is o.r. then h is o.r. For the moment we 
will prove the following lemma. 

Lemma 8.6 If hA crosses A in an o.r. fashion, then the fixed points of h 
are in Ji U /a, one in Ii and the other in I^. 

Proof: The fixed points of h must lie in Ji U Is, because if one of them is on 
the positive (negative) side of A it must lie on the negative (positive) side 
of HA. We consider the action of h on dX. The sets [Na,Nb] and [Nb,Nc] 
must be one contained in the other. Thus h or sends one of these sets into 
itself and so this set must contain one of the fixed point of h. In particular h 
has a fixed point in J3. Similarly h must have a fixed point in Ji. 



N 




Figure 13 



Now we consider another axis D which, like C in Lemma 8.3, has Nn e 
{Nb, Pa) and Pd G {Na, Pb)- See Figure 13. Then Lemma 8.3 tells us that 

[iVfi, Pa] = [Nb, Nc] U [iVc, Pa] = [Nb, N^] U [iV^, Pa]- 

If Nd G {Nc,Pa), then Nd is above C as in Figure 13. If both endpoints 
of D lie above C then clearly [Nb,Nc] C [Nb,Nd]- In this case we use the 
notation [Nc,Nd] for the closure of [Nb,Nd] — [Nb,Nc]. If D crosses C, 
then replacing A by D in Lemma 8.3, we see that again we have [Nb, Nq] C 
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[Nb,Nd]. Similar statements hold if we reverse the roles of Pd and Nd. 
Thus: 



Lemma 8.7 If Di, 1 < i < n are a finite number of axes with one end point 
in [Nb, Pa] and the other in [Na, Pb], then there is a Di nearest to Pa in the 
sense that [Vi, Pa] does not contain any of the end points of the other Di 's, 
where Vi denotes the end point of Di which lies in [Nb,Pa]- 



Remark 8.8 We apply the above lemma in the following situation. If B = 
gA and A, B cross, we consider translates D oi A with one end point in 
{Nb,Pa) and the other in {Na,Pb)- Freden and Tukia proved that 
G acts as a convergence group on dX. It follows as in Tukia that there 
are only finitely many such D. 



Following Tukia, we call any translate of A an A-axis. We also introduce 
the notion of canonical triple. We look at the situation when A and an A-axis 
B cross. Suppose that B = gA and that the configuration is as in Figures 
12a or 12b. Then C = gB and B cross. We can vary g by an element in 
StalpB so that B is unchanged but C = gB is moved up and down. As Pb 
lies in d^A, it follows that Pq lies in Whether C crosses A or not we 

can talk of the region [Na, Pc] in the first case and [Na, Nc] in the second 
case after moving the appropriate end point of C above A. We call the triple 
{A, B = gA, C = gB) a canonical triple if [A^^, Pc] ( or [Na, Nc] in the o.r. 
case) does not contain the end point of any hC for h G StaWB. See Figures 
14a and 14b. 
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Figure 14.b 



Figure 14. a 

We can always change g by an element of StalPB to achieve this, by using 
Lemma 8.7 above. We call a canonical triple a good canonical triple if in 
addition C is disjoint from A (See Figures 15a and 15b). 

P P 



N 




N 



N 




Figure 15. a Figure 15.b 

We will show that if an axis crosses its translates, then we can obtain 
good canonical triples starting with that axis. To handle the o.r. case, we 
need a lemma which will be proved in the next section. 



Lemma 8.9 If gA crosses A for some g, then there is a good canonical triple 
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{A,D,E). 



Proof: We proceed much as in Tukia p3[. Let B = gA such that the triple 



{A,B,gB) is a canonical triple. If gA crosses A in an o.r. fashion, then 
Lemma 9.3 in the next section implies that g is o.r. and that an axis for g 
must cross A. Now Corollary 8.4 implies that g^A and A must be disjoint, 
so that {A,B,gB) is good, and the lemma follows. 

Otherwise gA crosses A in an o.p. fashion and we consider translates D 
of A such that lies in [Nb,Pa] and lies in [Na,Pb]- Note that gB 
is one such. Lemma 8.7 tells us that we can take such a D for which 
is nearest to Pa- This means that there is h in G such that D = hA and 
{A, D = hA, E = h'^A) is a canonical triple. If h is o.p., then Pe € [A^^, Pd\ C 
[Na, Pb] and by the choice of -D, A''^; cannot be in [Nj:,, P4]. Thus (A, _D, E) 
is a good canonical triple. If h is o.r. then as in the preceding paragraph, E 
cannot cross A. Thus we again have a good canonical triple. 

In the above situation if gA is o.r., then if necessary we can modify h by 
gA to obtain a new h which is o.r. Thus: 

Corollary 8.10 With the notation of the above lemma, if gA is o.r. we can 

obtain a good canonical triple {A, D = hA, hD) for which h is o.r. 



9 Construction of axes using good canonical 
triples 



We now describe a combinatorial version of a crucial construction of Tukia . 
Tukia showed how given an element g of G such that e{X, < g >) = 2 but G 
does not split over < g > one can find a "better" element. His improvement 
is in terms of intersection numbers. We could have adopted his procedure; 
instead we use shortest tracks and the least area ideas of Freedman, Hass, 
and Scott, and 0, to obtain a splitting with the first choice of g. The 
proof that this works is based on Tukia's idea of improving intersection num- 
bers. The construction is also needed to show that if hA crosses A in an o.r. 
fashion, then h is o.r. To have clear pictures we want axes to be minimal 
(i.e. covering a shortest finite track) and by the results of §7 , we can do 
this in the case when the axis stabiliser is o.p. Recall from Lemma 7.10, that 
minimal axes in X intersect like lines. This means that if A, B are minimal 
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axes, then they are disjoint, or coincide, or cross. Further if they cross then 
they intersect in a finite graph and both A — (ACiB) and B — (AnB) consist 
of exactly two infinite components each. 

We now start with an essential axis A and let be a generator of StalPA. 
We assume that A is minimal. Consider the situation when (A, gA^ g'^A) 
= {A, B, C) is similar to a good canonical triple in the sense that A, gA cross 
but A, g'^A do not, but we do not assume that this triple is actually canonical. 
If g is o.p. with transverse orientations as shown in Fig. 12a, then Pc G 
[Na-i Pb] = h and Nc G [Pa, Nb] — h- Recall from Lemma 8.5 that the fixed 
points of g lie in I2 U I4. However, no fixed point can lie in J4 as all points of 
I4 lie on the negative side of A and the positive side of C. Thus both the fixed 
points of g must lie in I2 and in particular they lie on the positive side of A 
and all its translates. Denote g'^A by Af, so that A = Aq,B — Ai,C — A2. 
We will show now that A intersects A^ if and only if i equals 0, 1 or —1. For 
otherwise, let k be the least integer greater than 1 such that A intersects 
Ak- Then the set of all points in X which lie on the positive side of each 
of y4o, . . . , Afe is compact, contradicting the fact that both the fixed points 
of g lie on the positive side of A and all its translates. This allows us to 
construct an axis for g as follows. By the lemmas above, one of the two 
infinite components oi A — Ar\B together with one of the infinite components 
ol B — Ar\B bounds the infinite component oi X — {AVJ B) which contains 
I2 in its boundary. We denote this pattern by Ajj^B = Aq^^Ai. Inductively 
we construct (See Figure 16) 74_„#...#Ao#...#A„ = L„, say. Since the 
collection g^-A is locally finite, we obtain a limit pattern Ag of L„ such that 
gAg = Ag and the quotient of Ag by the action of (7 is a finite pattern tg in 
Xg. We claim that some component of tg is an essential track, so that, in 
particular, < g > has two co-ends. 
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A= A„ 



Figure 16 

Recall that we are assuming that g is o.p. Thus if no component of tg is 
essential in Xg, then every component of tg bounds a compact subset of Xg. 
If we remove these compact sets from Xg and take the closure Yg, then Yg 
carries < g > . This is because if a component of tg carries the trivial group, 
then it bounds a compact subset of Xg which also carries the trivial group, 
by Lemma 3.1. Thus the pre-image of Yg in X is its universal cover Y, and 
the number of ends of Y and of X are the same. Recall that the pattern Ag 
intersects A in the part of A between Ai and A^i. Now take a large enough 
so that g^^g is to the right of B. Then the portion of A between B and 
g'^B is compact and divides Y into two infinite parts, which contradicts the 
assumption that X and hence Y has only one end. Thus we have: 



Lemma 9.1 If A is a minimal essential axis, if g is o.p. and if A,gA 
intersect but A,g'^A do not, then < g > has two co-ends. 



This is one place where the use of minimal axes seems convenient even 
though the lemma itself can be formulated purely algebraically. It should 
be possible to prove this lemma by more algebraic means and avoid minimal 
axes completely and proceed with intersection numbers as in Tukia |2^. The 
case of o.r. elements is somewhat easier. 



Lemma 9.2 If A is a minimal essential axis, if A and gA have o.r. crossing, 
and if A,g'^A do not cross, then g is o.r. and has fixed points in Ii and I3, 
one in each. 
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The construction is similar, but in this case the two sides of the boundary 
into which Ag separates dX are clearly non-empty, as they are IJ g'^^[N-i, Pa] 
and U g'^^^^[N_i, Pa] respectively, where P_i and iV_idenote the positive and 
negative endpoints of A_i. See Figure 17. 



N 




Figure 17 

We use this to prove; 

Lemma 9.3 If hA crosses A in an o.r. fashion, then h is o.r. 

Proof: We will assume that A is minimal. As the fixed points of h in dX 
must be distinct from the end points of A, there is a greatest power /i" of 
h such that h"'A crosses A. If n is even, then this crossing must be o.p. As 
^2n^ does not cross A, Lemma 9.1 shows that h'^ has an essential axis. It 
follows that the same is true for h. Now it follows that h must be o.r. If n 
is odd, then the crossing of A and h"'A must be o.r. and Lemma 9.2 shows 
that /i" is o.r. which also implies that h is o.r. This completes the proof of 
Lemma 9.3. 

We will need the following consequence in the next section. This easily 
follows from the above since h and hence h"^ has an essential axis. 

Corollary 9.4 If A is a minimal essential axis and hA crosses A in an o.r. 
fashion, then h'^A is disjoint from A. 

Whether A is minimal or not, as long as it is essential, by replacing A by 
a minimal axis with the same end points we conclude: 

Corollary 9.5 If A is an essential axis and hA crosses A in an o.r. fashion, 
then the endpoints ofh'^A are on the same side of A. 
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10 Proof of the annulus theorem in the sur- 
face type case 

We start on the proof of the annulus theorem in the surface type case. We 
first consider the case when G has o.r. elements and prove the following 
special case of the annulus theorem. 

Lemma 10.1 Let G he a torsion free hyperbolic group with one end and 
suppose that G is of surface type. If G contains an o.r. element, then there 
is an o.r. element g of G such that G splits over < g"^ > as an amalgamated 
free product with < g > as one of the two factor groups. 

Proof: We choose g to be an o.r. element of G such that c{g) is minimal, 
where c{g) is the complexity of a shortest one-sided track s in Xg. Note that 
g will be indivisible. Let S denote the corresponding axis of g. Also let t be a 
shortest essential track in Xg2, and recall from Lemma 7.6 that 2c{g) > c{g'^) 
where c{g'^) is the complexity of t. Let A denote the axis of g^ corresponding 
to t. Note that S and A are both stabihsed by g"^ and so have the same end 
points in dX. Also g stabilises S but may not stabilise A, and A is minimal 
but S need not be minimal. If S and its translates never cross, then Theorem 
5.1 shows that G must split over a subgroup commensurable with < g >, 
and one can then show that G has the required splitting over < g^ > . 
However, as G is of surface type, we can use the properties of minimal axes 
to give a much simpler proof. As S and its translates never cross, the same 
holds for A and its translates. As A is minimal. Lemma 7.10 shows that 
A is disjoint from or coincides with each translate. It follows that A covers 
a finite track u in Xg which must carry < (7 > or < > . If m carries 
< g > then g stabilises A. In this case, the projection of A into Xg must 
be a one-sided track so that u also must be one-sided. We replace u by the 
boundary of a regular neighbourhood in Xq- This will be a two-sided track v 
carrying < g^ > and v separates Xq into two pieces one of which is a regular 
neighbourhood of u and so carries < 5^ > . It follows at once that G has the 
required splitting. Now suppose that u carries < g'^ > . Thus u lifts to Xg2 
and projects to an embedded two-sided track in Xg which we denote by u'. 
The region of Xg2 between u and its translate under the covering involution 
projects to a compact connected subset Z of Xg which carries < g > and is 
bounded by u'. We claim that Z projects into Xq by a homeomorphism so 
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that u bounds a copy of Z in Xq- Again this imphes that G has the required 
sphtting. To prove the claim, let p : Xg Xq denote the covering projection 
and consider p~^{u) fl Z. This consists of u' and possibly other finite covers 
of M, contained completely in Z. Let v denote a finite cover of u contained 
in Z. It must carry < > for some positive n and its pre-image in X must 
be a translate kA of A which is stabilised by < g'"" > . It follows that kg'^k~^ 
equals g'"' or g~^. This is only possible if n = 2 and A; is a power of g, as G 
is word hyperbolic. This implies that v equals u', so that p^^(m) (1 Z = u'. 
Let S denote the subset {z E Z : 3y E Z,y z,p{y) = p{z)} of Z. Then E 
must be disjoint from u'. It follows that S is open and closed in Z, and hence 
equals Z or is empty. The fact that E is disjoint from u' implies that S must 
be empty, so that Z must project into Xg by a homeomorphism as claimed. 

Now we consider the case where some translate of A crosses A. We will 
also assume that the intersection of any two translates of A is transverse. 
The general case can again be handled by using the Meeks-Yau trick. Some 
translate of S must also cross S, so that Corollary 8.10 tells us that there 
is a good canonical triple {S, hS, h^S) with h o.r. It follows that there is a 
good canonical triple {A, D = hA, hD) with h o.r. This means that there is 
no translate E of A having Pe E {Nd, Pa) and Ne E {Na, Pd)- In particular 
the axes {gl^)hD do not cross A, for any value of m, where gn = hgh~^. 
Choose m to be the least value such that the end points of {g]^)hD lie above 
A and replace h by {g]^)h. This does not change D, so we obtain a new triple 
{A, D = hA, hD) and hD still does not cross A. We have the end points of 
hD above A and now the end points of g]^hD lie below A (see Figure 18). 



(go) "2 hD 




Figure 18 
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Let k denote gj^h and consider the triples {A, D, hD) and {kD, D, A). 
The second triple is also like a good canonical triple since k-'^D = A, but 
it need not be canonical. Also kD and D cross o.r. so that k must be o.r. 
If Di denotes the portion of D between A and hD and D2 the portion of D 
between g]^hD and A, we have c{Di) + c{D2) = c{g'^) = ci^g"^). Note that the 
proof of Lemma 9.2 implies that the image of Di in contains a one-sided 
track carrying < h >, and the image of D2 in X^. contains a one-sided track 
carrying < k > . Thus either c{h) or c{k) is, by rounding off corners, strictly 
less than half of c{g'^). This contradicts our choice of c{g). It follows that the 
translates of A cannot cross, so that G splits over < g"^ > as claimed. This 
completes the proof of the Annulus Theorem when G contains o.r. elements. 

In order to complete our proof of the Annulus Theorem, we consider the 
case when G has no orientation reversing elements. In this case we choose 
an element g of G such that c{g) is minimal among all elements of G with 
two co-ends, and let A denote the corresponding minimal essential axis for g. 
If hA intersects A for some h, then by the results of §8, we can choose h so 
that [A, hA, h?A) is a good canonical triple (See Figure 19. This is similar 
to Figure 5 in Tukia ||23[|). 
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Figure 19 

Note that h is automatically o.p. Now consider g^^C = D. Since 
(y4, B, C) is a good canonical triple gs^Pc = Pd is automatically below 
A. If No is also below A, we can argue as in the proof of Lemma 10.1, that 
either c{h) or c{g]^^h) is strictly less than c{g), contradicting the choice of g. 
If No is above A we arrive at a contradiction as follows. Consider the fixed 
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points of g^^h. Since B = hA = g^^^hA, the fixed points of g^^h should be 
in [Na,Pb] U [Nb,Pa], by Lemma 8.5. Similarly, since D = g^^C = gj^^hB, 
the fixed points of g^^h should be in [P^, Nb] U [Nd, Pb]. But these sets are 
disjoint and this contradiction completes the proof of the annulus theorem 
in the surface type case. 
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